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Recent explorations of topological aspects in black hole thermodynamics have achieved unprecedented progress. By utilizing
topological numbers, different black hole systems can be categorized into distinct universality classes. This universal classifica-
tion is particularly evident in thermodynamic limits, offering valuable insights for developing a comprehensive quantum gravity
framework. This review highlights the latest advancements in this field. Specifically, we outline fundamental topological frame-
works underlying black hole solutions, critical points, Davies points, and the Hawking-Page phase transition. For each scenario,
we calculate the associated topological numbers and analyze their physical significance. Furthermore, we explore the practical

implications arising from this research.
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1 Introduction

A black hole represents a region of spacetime where the
gravitational force is so immense that even light cannot es-
cape. This phenomenon arises when the escape velocity at
the event horizon surpasses the speed of light. From this fact,
it seems that there is no concept of temperature for black
holes, and they are just pure gravity objects. However, a
pivotal thought experiment involving pouring hot tea into a
black hole raised intriguing questions, as the act seemed to
erase the entropy of the tea, challenging the second law of
thermodynamics?.

To reconcile this inconsistency, Bekenstein proposed that
black holes possess thermodynamic entropy, directly tied to
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the area of their event horizons [1,2]. Initially skeptical of
this notion, Hawking’s skepticism waned upon considering
quantum effects near the black hole’s event horizon, leading
to the revelation that black holes emit particles outward at
a characteristic temperature, now recognized as the Hawk-
ing temperature [3,4]. Consequently, it was established that
the entropy of a black hole equates to one-quarter of its hori-
zon area, marking a crucial milestone in our understanding
of these enigmatic cosmic entities [2,3].

Following the seminal contributions of Bekenstein and
Hawking, the framework of black hole thermodynamics has
been formalized into four fundamental laws [5]. This formal-
ization essentially maps a system of strong gravitational force
onto a thermodynamic framework, bridging the gap between
these disparate domains. Notably, the incorporation of quan-
tum effects into black hole thermodynamics presents a cru-

1) This example is taken from a conversation between John Wheeler and Jakob Bekenstein.
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cial avenue for scrutinizing these two conceptually distinct
paradigms, offering valuable insights into their intersection
and potential compatibility.

Among the notable properties within thermodynamic sys-
tems, Hawking and Page uncovered a remarkable phase
transition from a pure radiation phase to a stable large
Schwarzschild black hole in anti-de Sitter (AdS) space
[6]. This transition was used to interpret the confine-
ment/deconfinement phase transition in gauge field theories
[7].

Motivated by the AdS/CFT correspondence [8-10], the
study of black hole thermodynamics and phase transitions
has garnered significant interest within the extended phase
space, where the cosmological constant is interpreted as a
form of pressure [11]. This framework has unveiled diverse
types of phase transitions and intricate phase structures, war-
ranting further exploration [12-29].

Topology has emerged as a robust tool for probing the
intrinsic properties of black holes. Utilizing the Brouwer
degree of a continuous map, a recent study [30] demon-
strated that light rings, crucial features associated with ultra-
compact objects resulting from classical gravitational col-
lapse under the null energy condition, invariably manifest in
pairs in axisymmetric and stationary configurations. Notably,
one of these pairs exhibits stability while the other remains
unstable. This topological analysis, independent of specific
spacetime dynamics, unveils a fundamental property inherent
to spacetime structures.

Expanding their investigation to black hole backgrounds,
the researchers established a pivotal theorem [31]: in a (3+1)-
dimensional asymptotically flat black hole spacetime featur-
ing a non-extremal and topologically spherical Killing hori-
zon, each rotational direction hosts at least one standard (un-
stable) light ring beyond the horizon. This insight offers a
broad perspective on the generation of black hole shadows,
originating from the presence of unstable photon spheres or
light rings, in non-spinning or spinning spacetimes, respec-
tively.

Extending these analyses to asymptotic AdS and de Sitter
(dS) spacetimes has yielded consistent results [32]. Notably,
the identification of paired timelike circular orbits with spe-
cific angular momentum in black hole spacetimes through
analogous topological argument [33] emphasizes the ability
of the topological approach in shedding light on the nature of
black holes that remains to be fully uncovered.

As previously highlighted, black holes showcase intricate
thermodynamic phenomena and phase transition dynamics,
prompting inquiries into potential thermodynamic universal-
ity. Drawing inspiration from topological investigations, we
aim to establish a topological framework for black hole ther-
modynamics. This review delves into the rapid advance-
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ments and prospective applications in this field.

Our discussion commences with an exploration of Duan’s
¢-mapping topological current theory, a pivotal tool for con-
structing the topology of black hole thermodynamics. Subse-
quently, we devote into topological methodologies concern-
ing critical points, Davies points, Hawking-Page phase tran-
sition points, and the black holes themselves. We then shift
focus towards delineating the topology associated with di-
verse black hole solutions, unraveling their unique topolog-
ical attributes. Building upon these insights, we propose a
universal topological classification scheme. Finally, we also
discuss the potential applications of black hole thermody-
namics.

2 Topological current and charge

In this section, we present Duan’s ¢-mapping topological
current theory, designed to elucidate the topological charac-
teristics associated with the zero points of a vector.

Let us start with a vector ¢ reformulated as

¢ = llplle®, (1

where ||¢|| = +/¢“¢°. Here, we mainly focus on the zeros
of ¢. However, following eq. (1), its direction can not be
uniquely defined at the zeros. In order to deal with it, one
can express the vector as

¢=9¢ +ig’. 2)

Only when both ¢ and ¢’ are zero, ¢ can attain 0. The unit
vector is

i
llll
with ¢! = ¢" and ¢*> = ¢°. Note that the vector can have

more than two components. In order to examine the topolog-
ical charge, a superpotential is necessary:

a=1,2, 3)

1
VR = Ze”vf’eabnaapnb, wv,p=0,1,2, 4

where x* = (¢, r, ) and 8, = 0/0x". Here, we take t as a con-
trol parameter, which could be the time or another system pa-
rameter. From the expression, one easily obtains V¥V = -V,
Employing with the superpotential, the topological current
can be defined as [34,35]

1
J= 0V = e eydndpn. (5)
Then, it is easy to check
o' =0, 6)

which implies that j* is a conserved current. Just like the
vector of the electric current, the component ]0 denotes the
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charge density. Integrating it, we will obtain the topological
charge corresponding to the vector at given region X,

Q= f d%x. (7
z

Now, let us focus on the topological current j*. Substituting
eq. (3) into eq. (5), one can obtain

. 1 a (¢ o b
= —ePey— | —=10,¢0°0,0". 8
F= 5 ebw(”(ﬁ”z) ¢ 0pep ®)
Further making use of 015‘(;!;75” = ”%, it can be expressed as
1 Jd 0
= — ey | ——1 Ay ,0". 9
F= 5 eb(&ﬁcw n||¢||) ¢ Optp ©)

Considering the Jacobi tensor:

e (2) = aaga,e, (10)
x

we have

a1 ¢

7= 5= (8 gl 7 (£), (11)

where Ay = %ﬁz‘“ In ¢-mapping space, the two-

dimensional Laplacian Green function is
Age Inf|g|| = 275(¢). 12)

Therefore, the topological current will be in the following
form:

#=5er(2). (13)

From this expression, we are clear that j* is only nonzero at
the zero points of ¢“, i.e., ¢%(x',1) = 0. When the Jacobi de-
terminant J° (%) # 0, one has (0,¢“)dx* = 0, leading to the
following result from eq. (10):

€ (%)dxv - 0. (14)

Multiplying both sides of the above equation by €'°?, one has

Jﬂ(f)dxvzﬂ(?)dxﬂ. (15)

X X

A simple calculation of u' = dx'/dt gives

J (?) =)0 (f) (16)
X X

As a result, the components of j* are

j =8 ¢)J° (%)u (17)
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f=s0(2). (18)

Therefore, the topological charge reads

Q-= f 62(¢)JO(¢—S)d2x. (19)
5 X

Obviously, due to the & function, the charge Q might be
nonzero only if the region X contains one or more zero points
of the field. Thus, we can assign each zero with a topological
charge Q.

Furthermore, considering there are N zero points of ¢ and
the Jacobi determinant J° (%) # 0, the solution of ¢=0 can be
expressed as

X =71, n=12..,N. (20)

Near the zero points, 5?(¢) can be expressed as the following
form:

FH= a (%)
n=1

where the coefficient ¢, is positive.
According to Duan’s topological current theory [34, 35],
the winding number of the n-th zero point is

o = w62 =t ()], 22)

, ey

X=Zpn

Considering «, is positive, we have
[w(@, zu)|
YA
() e,

At the zero point z,, the ¢-mapping Hopf index 8, and the
Brouwer degree 7,, are given by

(23)

_ _ "0 "
Bn =W, z)l, M= W (24)
As a result, we reach

N
P (%)ew = D= 25)

Finally, the topological charge can be expressed as

N N
Q=) wu= ) Buln (26)
n=1

n=1

This relation reflects the inner topological structure of the
charge.

As demonstrated earlier, we have assumed J° (%) #0. If
this condition is violated, phenomena such as generation and
annihilation may arise. To illustrate this, let us consider a sit-
uation where at least one component of the Jacobi tensor, for
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instance J' (%) does not equal zero. Consequently, one may
observe

1(¢
dx _! () = o0 (27)
dt lg.zy  JO (%) (turZn)
which leads to
dr
@kz*,zn) =0. (28)

Then near the critical point (., z,), we have the following
Taylor expansion:

1 d*

= 1 1\2
- Emht*,zn)(x _Zn) . (29)

*

If %Kz‘*, Z,) is less (greater) than zero, it signifies annihi-
lation (generation), as discussed by Fu et al. [36]. Given the
topological current’s conservation, it follows that these two
cases must possess opposite winding numbers.

Before closing this section, we would like to provide some
remarks. From eq. (26), it is apparent that the topological
charge Q takes on integer values. For convenience, we refer
to this topological charge as the topological number W. By
further combining eq. (19), the topological number can be
represented as

1
W=— dQ =
27'[%2

where Q = arctan(¢?/¢") represents the direction of the vec-
tor. 0¥ denotes the one-dimensional boundary of X, which
forms a closed contour. Therefore, the topological number
signifies the count of loops traced by ¢ in the vector space
as x* orbits the zero point z,,.

For each zero point, a closed contour can be constructed
that exclusively encloses the zero point, enabling the eval-
uation of the winding number, which remains independent
of the specific loops employed. Hence, the winding number
serves as a local topological charge for the zero points, with
different types of zeros corresponding to distinct values of
the winding number.

N
W, (30)
1

n=

Alternatively, by considering large regions encompassing
all possible areas within the studied systems, it is possible
to derive the total topological number W that characterizes
the system. Different systems exhibit distinct values of W,
allowing for the classification of these systems based on W.
This distinction highlights global topological properties.

In conclusion, the examination of a system’s topological
properties can be approached from either a global or local
perspective using the winding number w or the topological
number W.
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3 Topological approaches

In this section, we aim to introduce various topological ap-
proaches designed to reveal distinct thermodynamic proper-
ties.

3.1 Topology of critical point

The topological analysis of the critical point is the first
approach in exploring black hole thermodynamics [37].
This analysis categorizes the critical point into two distinct
classes: the conventional and the novel. This investigation
unveils unique classifications of thermodynamic properties
specific to critical points.

Let us start with the first law of the black hole in the ex-
tended phase space:

dM = TdS + VdP + Z Yidx, (31)

where P is associated with the negative cosmological con-
stant in AdS space, while Y;dx' represents the i-th chemical
potential term, which varies depending on the specific black
hole system under consideration. Notably, in the extended
phase space, the black hole mass M is reinterpreted as en-
thalpy rather than internal energy. By performing a Legendre
transformation G = M — TS, the Gibbs free energy can be
derived. Subsequently, employing the Maxwell equal area
law on the isothermal curve or observing the swallowtail be-
havior of the Gibbs free energy facilitates the determination
of first-order small-large black hole phase transitions. Gener-
ally, the coexistence curve ends at a critical point, indicating
a second-order phase transition, which can be resolved by
[12]

(@vP) = (OyyP) = 0. (32)

Alternatively, from the differential form of the Gibbs free en-
ergy dG = —SdT + VAP + Y, Y;dx', the critical point can also
be determined by [38]

(0sT) = (0s,sT) = 0. (33)

To delineate the topology concerning the critical point, we
will consider the latter scenario. As depicted in eq. (31), the
temperature can be represented as a function of entropy S,
pressure P, and additional parameters x':

T =T(S,P,x). (34

By requiring (05 T) = 0, we can eliminate one parameter, for
example, the pressure, in eq. (34). Then, we label the new
thermodynamic potential with ®:

1 .
d=—T(S,x), (35)
sin @
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where the factor ﬁ is an auxiliary factor with 8 € (0, 7).
Employing with the function ®, we can introduce a new vec-

tor field ¢ = (¢°, ¢?) [37]:
¢° = 05Dy, ¢ = (0D)s . (36)

Within the framework of Einstein gravity, the entropy S of d-
dimensional black holes obeys the proportionality S o rﬁ‘z,
in accordance with the Hawking-Bekenstein entropy-area
law. For this reason, the horizon radius r;, is adopted as a
substitute for the entropy S in a number of research papers.
While the vector undergoes modification, its zero point re-
mains unaltered, thus leaving the topological approach unaf-
fected. However, if the entropy is not a monotonically in-
creasing function, i.e., the extremal points S /dr, = 0 exist
in modified gravity theories, we must adopt the entropy S
rather than the horizon radius r;,. Note that the incorporation
of the 6 factor results in a two-component vector, rendering
the study of the thermodynamic topology of black holes more
intuitive.

Several aspects regarding the 6 factor are worth discussing.
(1) It originates from the topology of the light ring [31]. (2)
The values 6 = 0 and 7t serve as boundaries in the 6 direc-
tion within the parameter space. At these boundaries, the
vector ¢ introduced becomes perpendicular, facilitating the
calculation of the topological number. (3) The zeros of the
vector consistently occur at 6 = 7t/2 without any additional
zeros introduced. It is important to mention that the sign of
eq. (35) could potentially alter the sign of the winding num-
ber; however, for relative value considerations, our results
remain unaffected.

As a convention, it designates the conventional critical
point with w = —1 and the novel critical point with w = 1
[38]. To elucidate the specific topological properties, we will
utilize the charged Reissner-Nordstrom (RN)-AdS black hole
and the charged Born-Infeld (BI)-AdS black hole as exem-
plary cases.

For the charged RN AdS black hole, its Hawking temper-
ature reads

_2PVS vrg 1
VI 4S5 4AymNS

where ¢ and P are the charge and pressure of the black hole
system, respectively. It is easy to check the first law:

T

(37

dM = TdS + ¢dg + VdP, (38)

with ¢ and V being the electric potential and thermodynamic
volume of the black hole system. Following the above gen-
eral approach, we obtain the explicit form of the thermody-
namic function:

2
Vg ) ’ (39)

1 1
O=— -
Smt‘)(zx/ﬂs S3
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as well as the components of the vector field ¢:
cscd (67Tq2 - S)

= M_T
cotfcscé (S - 27'cq2)

- 2Vrs? '

The unit vector field n = (%”, %) is shown in Figure 1. Ob-

viously, a critical point locates at ( Vs, 0) = (Vbng, %).
When the contour encompasses the critical point, it results

¢’ (40)

¢’ = (41)

in a non-zero winding; otherwise, the winding is zero. To
determine the winding number, it is possible to create two
contours C; and C;, which are parameterized according to
the following general form [37]:

r=acos? + ry,

42
9=bsinﬂ+g, “42)

where ¢} ranges from 0 to 27t with the corresponding con-
tours considered counterclockwise as positive. For C; and
C,, the values (a, b, rp) are set as (0.4, 0.3, \/aT) and (0.3,
0.5, 5.3). To numerically compute the winding number, a
quantity measuring the deflection of the vector field along
the specified contour is introduced:

9

Q) = f €apn’dgn’do. (43)
0

Therefore, the winding number reads

w= a0, (44)
27

3.0

. o
—- > > > - -
= s e ]
~

(S}

—_ - - -
—- > > > = -

2.0

1.0

0.5

— e e - e

= - - - - -
- o - - - -
o - - -

- -— - - -
o= a= a= a= -

A !

N = = - - -— -

0.0~
4 4.5

Vs

Figure 1 (Color online) The red arrows represent the vector field n on a
portion of the VS-6 plane for the charged AdS black hole with the charge
g=1. The critical point CP; located at ( VS, 6)=( \/67[(], %) is marked with a
black dot. The blue contours C and C, are two closed loops and C encloses
the critical point, while C» does not [37].
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The behavior of Q(:3) for the contours C; and Cj; is illus-
trated in Figure 2. As C; does not encircle the critical point,
we observe w = 0 as expected. The plot distinctly demon-
strates that with increasing ¢, () initially decreases, then
increases, and ultimately converges to zero at ¢ = 27, vali-
dating the anticipated outcome of w = 0. In contrast, for Cy,
Q1) progressively diminishes, approaching 27t at ¢ = 2,
resulting in a winding number of w = —1. According to
our classification, this critical point is conventional. Notably,
in its vicinity, a stable first-order small-to-large black hole
phase transition transpires. Furthermore, as only one critical
point is present, the topological number is

W =—1. 45)

In order to exhibit the novel critical point, the BI-AdS
black hole was considered [39]. Its Hawking temperature
takes the following form [40]:

1 - " .
T = 2528 —24Jb*S? + m2B2g? + 8TPS + 71),
4NT3S (

(46)

where b denotes the maximal electromagnetic field strength.
The corresponding thermodynamic function is

o= | L (47)
2 V7S sing /BZS2+712q2
The vector field ¢ and the normalized vector field n can be
readily obtained, allowing us to observe the behavior of the
normalized vector field n as depicted in Figure 3 with g = 1
and b = 0.4 for the charged BI-AdS black hole. In this partic-
ular scenario, two critical points, CP, and CP3, are identified.
Moreover, three contours, C3, C4, and Cs, are constructed
with parameterized expressions akin to eq. (42), albeit with
distinct parameter sets (a, b, r9)=(0.3, 0.3, 1.97), (0.3, 0.3,
3.69), and (1.5, 0.9, 2.83), respectively. The deflection angle
Q(¥9) is calculated for these contours, as shown in Figure 4,

Pis
(&)
'f ------------- 5‘
I 1
0 i !
L I
J
c p——
-l
Cy
-2
z r iz 2
2 2
g

Figure 2 (Color online) Q vs ¢ for the contours C; (red solid curve) and
C, (blue dashed curve) [37].
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Figure 3  (Color online) The red arrows represent the vector field n on a
portion of the VS -6 plane for the charged BI-AdS black hole with the charge
g=1 and b=0.4. The critical points CP, and CP3 located at (VS, 6)=(1.97,
%) and (3.69, %) are marked with black dots, and they are enclosed with the
blue contours C3 and Cj, respectively, while the gray contour Cs encloses
both the critical points [37].

2r

I
———————— ’,
s
b 37
—”l
I’ """"""""""""""""""""""""""""
S o - Cs
o ZL
-2rk
0 & n iz 2
2 2
g
Figure 4  (Color online) Q vs ¢ for the contours C3 (dashed curve), Cy

(solid curve), and Cs (dot dashed curve) for the charged BI-AdS black hole
[37].

revealing diverse trends. Along Cj3, Q(#) ascends, descends
along C4, and exhibits an initial decrease followed by an in-
crease and then a subsequent decrease along Cs. The val-
ues of Q(27) for these contours are 27, —27t, and 0, respec-
tively. Consequently, the topological charges are wep, = 1
and wcp, = —1 for the critical points CP, and CPs, categor-
ically distinct due to their varying values. CP3 denotes the
conventional critical point, whereas CP, represents a novel
one. Notably, the topological number for the charged BI-AdS
black hole is

W = wcp, + wepy = 0, (48)
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which is equivalent to that along the contour Cs. Due to the
distinct topological numbers of the charged RN-AdS black
hole and BI-AdS black hole, they fall into different topolog-
ical classes. This observation prompts a deeper exploration
into classifying black hole systems based on their topology.

We now observe that the critical points of the phase transi-
tion are categorized into two distinct classes. The behaviors
of the vector near these zero points exhibit notable discrep-
ancies. Consequently, exploring any thermodynamic distinc-
tions arising from these differences is also warranted.

In ref. [41], a six-dimensional charged Gauss-Bonnet AdS
black hole was studied. A triple point and multiple critical
points have been observed [18]. The constructed vector reads
[41]

csct(20%(7r7 + 30a) = 3r}(7 - 2a)?)

F = , 49
¢ 27tr2(rﬁ + 6ar)? “49)
cotd csc«9(3r2 + 2r2(z -20%

27'cr2(r,21 + 6a)

¢’ = (50)
Such a vector can have up to three zero points. By selecting
a = 1 and Q = 0.15, the unit vector of ¢ is illustrated in Fig-
ure 5(a), clearly displaying three zero points. The parameter
Q is also depicted in Figure 5(b). It is straightforward to de-
rive we, = 1, we, = we, = we, = —1, and we, = 0. For the
system, the total topological number is

VVZWC1 +We, + Wg, =-1, (&2))

suggesting its topological equivalence to the charged RN-
AdS black hole but differentiation from the BI-AdS black
hole. Notably, through variations in @ and Q, it was observed
that the topological number remains constant. Moreover, in
Lovelock gravity, the creation of vortex/anti-vortex pairs was
explored, revealing the conservation of the topological num-
ber [42].

By relinquishing the global stability of the free energy, a
proposition emerges that the conventional critical point sig-
nifies the proximity of first-order phase transitions, whereas
the novel critical point does not necessarily indicate the pres-
ence of such transitions [37]. Conversely, when accounting
for global stability, certain critical points may vanish if they
fail to globally minimize the Gibbs free energy. Addressing
this concern, in ref. [41], it was suggested that with increas-
ing pressure, the novel critical point marks the emergence of
new phases (whether stable or unstable), while the conven-
tional point denotes the vanishing of phases. Further inves-
tigations into novel Einstein-Gauss-Bonnet gravity, bound-
ary matrix duals, and Lovelock gravity can be found in refs.
[43-45].

At this point, we have effectively delineated the thermo-
dynamic topology of critical points and expounded upon the
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NO s bis 3 2m
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Figure 5 (Color online) (a) The blue arrows represent the vector field n on
a portion of the 6-r plane. The critical points CPy, CP,, and CP3 are located
at (r,6) = (1.21, Z),(1.53, ), and (0.67, T) marked with black dots, and
they are enclosed with the contours Cy, C2, and C3, respectively. The con-
tour C4 does not enclose any critical point, while the contour Cs encloses all
three critical points. (b) Q vs # for the contours C (green curve), C; (yellow
curve), C3 (red curve), C4 (brown curve), and Cs (grey curve) [41].

physical implications of the two distinct classes of critical
points identified by the winding number. Moreover, we un-
derscore the prospect of system-wide classification by lever-
aging the total topological number.

3.2 Topology of Davies phase transition

As a specific phase transition, Davies [46] proposed that a
phase transition occurs at the point where the heat capacity
diverges, also referred to as the spinodal point. At this point,
the discontinuity in the first derivative of free energy implies
a second-order phase transition. This scenario differs signifi-
cantly from a critical point where the neighboring phases are
locally thermodynamically stable; for the Davies phase tran-
sition point, one neighboring phase is stable while the other
is unstable. Despite this distinction, a new topology can still
be constructed for it [47-49].

The construction process parallels that of the critical point
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discussed in the previous subsection. The thermodynamic
potential @ is selected as described in ref. [47]:

1 1
d=——, 52
sind T (52)

rather than eq. (35). Consequently, the vector reads

1 a0 ,1
S e [ —
¢° = 050(5.0) = — (). (53)
¢’ = 9,0(S,0) = _w. (54)

One can easily find that the Davies points exactly locate at
the zeros of the vector ¢. Therefore, we can calculate the
winding number following the above subsection.

Here, we could take the charged RN-dS black hole with
QO =1and A =1 as an example. After a simple calculation,
the thermodynamic potential reads

11 473125312
OS,0) = —— T

sinf T |Q=77=A=1 ~ sin A(=S2+ 7S —m2)’

(55)

Then, the vector field ¢ can be obtained as [47]

m€HVEQS2—nS+3nﬂcm9
¢° =- : (56)

(52 - nS +m2)*
471328312 cot O csc 6
S2 - 7S + 72

¢’ = (57)

The behavior of the unit vector of ¢ was examined in
ref. [47]. Upon computation, the winding number for the
Davies point is determined to be w = —1.

Consequently, the Davies point is afforded a topological
interpretation. However, the physical implications of positive
or negative winding numbers remain for further exploration.

3.3 Topology of Hawking-Page phase transition

The Hawking-Page phase transition signifies a transition be-
tween pure radiation and a large stable Schwarzschild black
hole in AdS space [6]. This transition is prevalent across var-
ious AdS black hole systems. Pure radiation tends to be over-
shadowed by the black hole’s parameters, hence manifesting
solely in the grand canonical ensemble, where the chemical
potential remains fixed as opposed to the black hole parame-
ters.
The free energy reads

F=M-TS, (58)

where T is the ensemble temperature rather than the Hawk-
ing temperature. Under this pattern, the Hawking-Page phase
transition occurs exactly at [50]

oF

= ()’
7: 6rh

0. (59)
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Solving the first equation, we will obtain T = (M — F)/S.
Then, the Hawking-Page phase transition shall be determined
by 8,,T = 0. As a result, the thermodynamical potential is
defined as

T
D= e (60)
By utilizing this approach, the vector ¢ can be derived fol-
lowing eq. (36). The Hawking-Page phase transition point
precisely corresponds to the zero of ¢, thus establishing the
topology for the Hawking-Page phase transition. This anal-
ysis was extended to BI-AdS and Kerr-AdS black holes in

refs. [48,51].

3.4 Topology of black hole solution

As demonstrated earlier, we have established the topology
for the critical point, Davies phase transition point, and
Hawking-Page phase transition point. Here, we aim to
present an additional thermodynamic topology concerning
the black hole solution itself [52]. This topology serves a
dual purpose: it interprets local thermodynamic (in)stability
as a topological property and offers a method for classifying
black hole systems. Consequently, it has garnered significant
attention and subsequent exploration. In this subsection, we
intend to briefly introduce this topology.

The zeros of the vector can be viewed as defects in the
thermodynamic parameter space, underscoring the signifi-
cance of whether the black hole solution can be represented
as zeros of the vector in constructing this topology. Drawing
inspiration from this concept, one can reformulate the Ein-
stein field equations as follows:

8nG

Sﬂv = G#V - C_4T'uv =0. (61)

It is evident that black hole solutions satisfying the Einstein
field equations correspond to the zeros of &,,. This obser-
vation underscores the applicability of the defect theory to
black hole solutions. The subsequent challenge entails iden-
tifying a suitable thermodynamic quantity to actualize this
concept.

In the work [52], it was proposed that the generalized free
energy introduced by York [53] can serve this purpose. This
free energy is designed to address the issue of local ther-
modynamic instability of the Schwarzschild black hole. By
envisioning the black hole within a cavity, the stability of a
Schwarzschild black hole can be achieved if a specific rela-
tion between the black hole mass and the cavity temperature
is met. In this scenario, mass and temperature are treated as
independent variables. The corresponding free energy can be
formulated as

T=M—§, (62)
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where the parameter 7 represents an additional variable with
the dimensions of time and can be interpreted as the inverse
temperature of the cavity containing the black hole. This free
energy can also be referred to as the off-shell free energy.
When

=T, (63)

the black hole solution satisfies the Einstein field equation
(61), thus representing an actual solution for a black hole.
Let’s proceed by calculating the derivative of ¥ with respect
to the horizon radius ry,:

of 0E 105 O0EOS 10§
ory, Or, TOr, 0S0r, TOr,
1\ oS
=(T——)—. (64)
T/ Ory

In the third step, we have used the first law of black hole ther-
modynamics. Due to g—fh # 0, the on-shell condition trans-
lates to F /0r, = 0. Consequently, the vector can be defined

as

¢ = (%,—cotG)csc@). (65)
or h
At ® = 0 and 7, the component ¢® exhibits a divergence,
indicating an outward direction for the vector. Notably, the
zeros of ¢ coincide with the conditions ® = 7t/2 and r = T~
This correspondence highlights the precise alignment of the
black hole solution with the zero points of the vector ¢. Con-
sequently, from a topological perspective, we can assign a
winding number to each black hole solution by employing ¢.
Following Duan’s ¢-mapping topological current theory,
we can establish the topology for the black hole solution by
using the constructed vector (65).
For the Schwarzschild black hole, the generalized free en-

}"2
ergy is given by ¥ = 7 — % Consequently, the vector ¢
can be expressed as
1 2
¢ =5 -, (66)
2 T
¢® = —cot@csc 0. (67)

We depict the unit vector field n over a section of the ®-ry,
plane in Figure 6(a), focusing on the Schwarzschild black
hole with T = 47trg, where ry represents an arbitrary length
scale determined by the dimensions of a cavity enclosing the
black hole.

Examining the figure, the zero point is precisely located
atr,/ro = 1 and ® = 7t/2. Given that the winding number w
remains constant across contours enclosing this zero point,
its calculation can be carried out for any arbitrary contour,
such as C; illustrated in Figure 6(a). Upon computation,
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Figure 6 (Color online) The red arrows represent the unit vector field n on
a portion of the r,-® plane. The zero points (ZPs) marked with black dots
are at (r,, ©)=(1, %), (1.46, §), and (2.15, §), for ZPy, ZP,, and ZP3, re-
spectively. The blue contours C; are closed loops enclosing the zero points.
(a) The unit vector field for the Schwarzschild black hole with 7/rg = 47t. (b)
The unit vector field for the RN black hole with 7/rg = 34.48 and Q/rp = 1
[52].

the winding number is found to be w = —1. If an alternative
orientation convention is adopted, involving a negative sign
in ¢ within eq. (65), the result could be altered to w = 1.
This adjustment would similarly impact the winding num-
bers for other types of black holes. Nonetheless, the under-
lying physical significance would remain unchanged.
For the RN black hole, the generalized free energy is given
by
”}2; +Q? Ttrfl

F = o - (68)

By utilizing this expression, the vector can be readily derived.
Subsequently, we present the unit vector field n in Figure 6(b)
for 7/rg = 34.48 and Q/ry = 1. We identify two zero points,
7P, and ZP3, situated at r;,/ry = 1.46 and 2.15, respectively.
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Through computations, their associated winding numbers are
determined as w = 1 and —1. Moreover, the heat capaci-
ties are calculated as Co/ry = 18.01 and —64.81 at a con-
stant charge of Q/rp = 1 for the positive and negative zero
points, respectively. Notably, each zero point of the unit vec-
tor has a winding number of 1 or —1. This observation leads
to a conjecture linking the winding number to local thermo-
dynamic stability, where positive and negative values denote
stable and unstable black hole solutions, respectively.

For the Schwarzschild and RN black holes, we determine
the total topological numbers to be W = -1 and 0, re-
spectively, indicating that they belong to distinct topologi-
cal classes. This distinction can be readily discerned through
the defect curve, which encompasses all zeros. To illustrate
this, we present the defect curve for the Schwarzschild and
RN black holes in Figure 7. In the scenario of large 7 (e.g.,
T = T;), the Schwarzschild and RN black holes display one
and two intersection points, respectively. These points pre-
cisely satisfy the condition (63), denoting on-shell black hole
solutions with a temperature of T = 7~!. Notably, unlike the
Schwarzschild black hole, when 7 decreases below 7., the
two intersection points of the RN black hole coalesce and
subsequently disappear. This observation implies that varia-
tions in the parameter 7 and black hole charge do not change
the topological number.

Taking the charged RN-AdS black hole as another ex-
ample, we investigate its characteristics. This black hole
displays a small-large phase transition, potentially resulting
in a distinct behavior of the defect curve. The results are de-
picted in Figure 8. Unlike the Schwarzschild and RN black
holes, a notable distinction arises with three distinct black
hole branches observed for 7, < T < 7;: one small branch for

T2/fo
0 10 20 30 40 50 60
'l'/l'o

3  Telro

Figure 7 (Color online) Zero points of the vector ¢ shown in the r;-7 plane.
The blue dashed and red solid lines are for the Schwarzschild black hole (Sch
BH) and RN black hole with Q/rg = 1. The black dot with 7. = 6 V3mQ
denotes the generation point for the RN black hole. At 7t = 7y, there is one
Schwarzschild black hole, and at T = 7, there are one Schwarzschild black
hole and two RN black holes [52].
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1lrg

Figure 8 (Color online) Zero points of ¢'# shown in the r,-7 plane for the
RN-AdS black hole with Pr(z) =0.0022 and Q/ry = 1. The black solid, blue
dashed, and red solid lines are for the small black hole (SBH), intermediate
black hole (IBH), and large black hole (LBH), respectively. Black and blue
dots are the annihilation and generation points. Different color regions have
different numbers of the black hole branches. However their W number is
constant and equals 1 [52].

T < 7,4, one large branch for 7 > 75, and an intermediate
branch between them.

Upon computing the winding numbers for these branches,
it is revealed that the small and large branches possess w = 1,
whereas the intermediate branch exhibits w = —1. Conse-
quently, for the RN-AdS black hole under this pressure con-
dition, the total winding number consistently computes to
W =1-1+1 = 1, irrespective of 7. Despite the positive
pressure P associated with the RN-AdS black hole, it does
not impact the asymptotic behavior of 7 at small and large ry,.
Consequently, the topological number W remains one for the
RN-AdS black hole.

This subsection is dedicated to establishing the topology
of the black hole solution. The winding number holds a
unique physical significance, serving as a key indicator of
the local thermodynamic stability of the black hole. A posi-
tive or negative winding number denotes the local stability or
instability of the black hole.

It is noteworthy that for the Schwarzschild, RN, and
charged RN-AdS black holes, their respective topological
numbers are W = -1, 0, and 1, delineating their classifi-
cation into distinct topological categories. Furthermore, the
black hole parameters, such as charge and pressure, demon-
strate no influence on the topological number, indicating a
universal characteristic of the topology.

3.5 Extended thermodynamical topology

Based on the foregoing analysis, it is evident that diverse
thermodynamic topologies have been constructed via the uti-
lization of free energy. A critical question thus emerges: does
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there exist a universal theoretical framework that subsumes
all the aforementioned topologies as its specific subcases?

Inspired by this idea, a k-th order vector field was defined
in ref. [54]:

0. (5,0) = (95|, ~cot@cse).  (69)

=0, m=1, ..., k.}
The zero points correspond to

0sF=0, 0F=0, ..., K'F=0. (70)

By setting k =1, 2, 3, the thermodynamic topologies corre-
sponding to the black hole solution, Davies point, and critical
point can be respectively recovered. For each zero point of
the vector (69), the associated winding number is derivable
through the analysis of the heat capacity C:

w® = sign(ds(C™)). (71)

Then, the extended thermodynamic topology is characterized
by the following set of topological numbers:

(WP k=0,1,2,...}. (72)

Furthermore, the scenario involving degenerate zero points
has also been taken into account in ref. [54]. This provides a
viable approach to characterize the thermodynamic topology
corresponding to the isolated critical point within the frame-
work of seven-dimensional Lovelock gravity.

In this section, we introduce several different thermody-
namical topologies. The physical meanings of the winding
number are also examined. For convenience, we summarize
them in Table 1.

4 Features of topological number

In the preceding section, we delineate four distinct topolo-
gies: the critical point, Davies point, Hawking-Page phase
transition point, and the black hole solution itself. Among
these, the fourth topology has garnered significantly more at-
tention owing to its clear physical interpretation and universal
applicability. Subsequent studies predominantly concentrate
on this topology. Therefore, this section is dedicated to de-
vote into the discussion on the topological number associated
with this specific topology.
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4.1 Black hole parameters

As demonstrated earlier, black hole charge and pressure do
not exert an influence on the topological number for each
certain black hole solution. Nonetheless, there remain other
unexplored black hole parameters that warrant investigation.

As highlighted previously, black hole solutions with
charge, cosmological constants, or pressures exhibit distinct
topological numbers that remain invariant. An essential pa-
rameter yet to be examined is the angular momentum (or
spin) of the black hole, in accordance with the no-hair the-
orem. Hence, exploring the topology of rotating black holes
merits further research.

In refs. [55, 56], it was observed that by fixing the black
hole spin a/ry (corresponding to angular momentum J =
a/M) and charge Q/rg, the d = 4 and 5-dimensional Kerr
black holes and Kerr-Newman black holes possess a topolog-
ical number W = 0, akin to the charged RN black hole with-
out spin. However, for d > 6, the singly rotating Kerr black
hole demonstrates W = —1. This outcome underscores the
significant impact of the dimensionality on the topological
number for rotating black holes in asymptotically flat space-
time.

In asymptotic AdS spacetime, the d = 4 and 5-
dimensional Kerr-AdS, Kerr-Newman, and rotating BTZ
black holes exhibit W = 1, while for d > 6, singly rotat-
ing Kerr-AdS black holes yield W = 0 [57]. Conversely,
for double-rotating AdS black holes, the topological number
could be W = —1 [58]. These findings underscore that pres-
sure or the cosmological constant can alter the topological
number under certain different specific black hole solutions,
yet the value of this number remains invariant within each
individual case.

4.2 C-metric and NUT spacetimes

The presence of conical singularities near the south or north
pole in C-metric and NUT spacetimes gives rise to intriguing
phenomena around black holes [59-61].

In the case of the C-metric, it exhibits a topological num-
ber W = 0, which transitions to —1 in AdS space [62]. When
incorporating black hole charge or spin, such as RN-, Kerr-,
and KN-C-metrics, the topological number becomes W = 1,

Table 1 Physical meanings of winding number for different thermodynamical black hole topologies (“~ denotes the trivial case or non-existence)

w Critical point (CP) Davies point Hawking-Page phase transition Black hole solution Extended topology

-1 Conventional CP Existence - Unstable black hole —6§ )

0 Degenerated CP/— Degenerated point/— - Davies point/— Degenerated point/—
Novel CP Existence Existence Stable black hole 6’§ ch
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whereas it remains W = 0 in the corresponding AdS space
[62,63].

The Taub-NUT solution differs from the C-metric. In its
basic form, without additional black hole parameters, it pos-
sesses a topological number of W = —1. However, upon
introducing black hole charge, angular momentum, and cos-
mological constant, the topological number transforms to
W = 0 [64, 65]. A positive topological number is only ob-
served in RN-NUT-AJS black holes that satisfy the condition
0% > n* + 3n*/I? (where n represents the NUT charge) [66],
or when the black hole carries a substantial magnetic charge
[67].

4.3 Cosmological constant

Motivated by the AdS/CFT correspondence, black holes with
negative cosmological constants have garnered significant at-
tention. In various gravity theories such as Gauss-Bonnet
gravity, massive gravity, quasitopological gravity, f(R,T)
gravity, rainbow gravity, and others, the coupling parameters
and black hole characteristics can influence the number and
positions of zero points in vector spaces. However, the total
topological number typically remains constant across most
scenarios [68-87].

Conversely, when a positive cosmological constant is
present, a cosmological horizon emerges. This leads to chal-
lenges in defining the corresponding thermodynamics due to
the distinct black hole thermodynamics existing on the black
hole horizon and cosmological horizon. Unless under the
Nariai limit, where the temperatures on both horizons co-
incide, the system appears to reach thermodynamic equilib-
rium. While the small-large black hole transition differs from
that in AdS space [88], it provides an avenue to explore ther-
modynamic topology.

In the context of thermodynamics residing on the black
hole event horizon, the topology remains unaffected. For in-
stance, the Schwarzschild-dS black hole possesses a topolog-
ical number of W = —1, while RN-dS, Kerr-dS, and KN-dS
black holes exhibit a vanishing topological number. On the
other hand, for thermodynamics situated on the cosmological
horizon, the topological number switches to W = 1, while
other cases witness no change [89].

4.4 Ensembles

As we are aware, the charged AdS black hole only undergoes
a small-large black hole phase transition in the canonical en-
semble, where the black hole charge remains fixed. How-
ever, if the electric potential is held constant, no small-large
black hole phase transition occurs; instead, the system expe-
riences the Hawking-Page phase transition within the grand
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canonical ensemble. This raises the question of whether the
behavior of the topological number varies across different en-
sembles.

In the case of the Dyonic AdS black hole, characterized by
both electric and magnetic charges, three distinct ensembles
are considered. In the canonical and grand canonical ensem-
bles, these charges or their respective potentials are fixed.
The mixed ensemble scenario involves a constant magnetic
charge and electric potential. Notably, a study in ref. [90]
revealed that in both the canonical and mixed ensembles,
a conventional critical point exists with a topological num-
ber of —1, whereas no critical point is identified in the grand
canonical ensemble. This discrepancy indicates that different
ensembles present varying topologies for critical points.

Regarding the topology of the black hole solution, the
topological number is W = 1 for both the canonical and
mixed ensembles. However, in the grand ensemble, the topo-
logical number is W = 0 when ¢> + ¢2, < 1 and W = 1
when ¢? +¢2 > 1, where ¢, and ¢,, represent the electric and
magnetic potentials, respectively.

In the study of the Euler Heisenberg (EH)-AdS black hole,
results are presented in ref. [91]. In the canonical ensem-
ble, the topological number is W = 1 for negative EH pa-
rameters and W = 0 for positive parameters. Regarding the
higher-order QED corrected EH-AdS black hole, the topo-
logical number consistently remains W = 1, irrespective of
the EH parameter a. In the grand canonical ensemble, the
values of the EH parameter do not impact the topological
number, which maintains a value of W = 0.

Comprehensive results are also available in refs. [92-95].
Across these results, it is observed that the same black hole
solution can be categorized into different classes based on the
specific ensemble considered.

4.5 Regular black holes

In general relativity, black holes harbor a singularity at their
core. To circumvent this issue, a class of regular black holes
has been proposed, ensuring a well-behaved spacetime at
r = 0. Two primary methods are employed to construct these
regular black holes: one involving a nonlinear electromag-
netic field and the other stemming solely from pure gravity.

Early models such as the Bardeen and Hayward black
holes [96, 97] have elucidated this concept, wherein the in-
clusion of a nonlinear electromagnetic field term in the action
aids in their interpretation [98,99].

Exploring regular Bardeen black holes within the context
of negative cosmological constants, quintessence, massive
terms, and Gauss-Bonnet terms, the study indicates that the
topological number remains W = 1 when considering the
black hole as a defect in thermodynamic parameter space
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[100]. Conversely, for critical point topologies, Hayward
black holes consistently exhibit W = -1, irrespective of
the negative cosmological constant, quintessence, or Gauss-
Bonnet terms [101]. Notably, the topological number for
Hayward black holes surrounded by string fluids is notably
influenced by fluid parameters [102]. Further insights into
other regular black holes or black strings can be found in
refs. [103-106].

An alternative approach to constructing regular black
holes involves pure gravity, where an infinite series of higher-
curvature corrections is incorporated into the action [107].
The Bardeen and Hayward black holes can also be derived
using this methodology; however, its applicability is limited
to dimensions d > 5. In a recent study [108], the question
arose as to whether these regular black holes, fashioned from
pure gravity, could be grouped within the same thermody-
namic topology.

Through the examination of two specific types of regular
black holes, it was determined that the topological number
reduces to zero, i.e., W = 0. Moreover, upon further analysis
of the general construction process, it was observed that all
these regular black holes share the same topological number.
This discovery unveils a universal topological characteristic
exhibited by regular black holes arising from pure gravity.

4.6 Residue approach

The topological number is also related to the residue theo-
rem, employed with which the topological properties of dif-
ferent black holes can be calculated [109].

The key point is defining a complex function:

R(z) = (73)

1
T-G@)’
where G(r;) = 7. The winding number w; of a singular point
z; is given by

ResR(z;)

Wi = R Sgn[ResR(z)], 74)

where || denotes the absolute value of the complex function,
and Sgn(x) represents the sign function—this function re-
turns the sign of a real number and yields 0 when x = O.
It should be noted that since the singular points of interest
are real, ResR(z;) € R. The global topological number W of
the black hole spacetime can thus be obtained as

W= Z wi. (75)

For the Schwarzschild black hole, it admits only one singular
point, and gives W = —1. For the RN and RN-AdS black
holes, the topological number is W = 0 and 1, respectively.
This result is the same as that given in ref. [52].
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4.7 Statistical mechanics

In general relativity, the entropy of a black hole amounts to
a quarter of its event horizon area, a unique characteristic of
gravity that sets it apart from conventional thermodynamic
systems. Nevertheless, certain aspects of statistical mechan-
ics have garnered significant interest, particularly in scenar-
ios where the extensive entropy undergoes corrections, con-
sequently impacting the system’s topology.

Below, we present some examples of non-extensive en-
tropies.

e Rényi entropy [110]:

~ 1
Sg= 1 In(1 + AS ). (76)

Here, the Rényi parameter A is restricted to the range (0, 1)
for a black hole system. As A approaches O, the classical
Boltzmann-Gibbs statistics are recovered.

e Barrow entropy [111]:

1+A
~ A
Sp=]-— . 77
B (41%) (77

It is important to note that the exponent A may vary in def-
inition across different studies. Upon setting A to 0, the
Bekenstein-Hawking entropy emerges.

e Sharma-Mittal entropy [112]:

N 1 .
Ssm= ;((1 +BS7)F —1). (78)

Here, S 1 represents Tsallis entropy. The parameters @ and 8
are determined by experimental data and serve as two phe-
nomenological factors.

By substituting the entropy in ref. (62) with these non-
extensive entropies S, the respective topology can be deter-
mined through the generalized free energy:

S
F=M-_ (79)

The majority of studies addressing this matter indicate a sig-
nificant alteration of the zero points through such modifica-
tions. However, the topological number remains invariant,
indicating that these systems continue to fall within the same
topological classifications [113-131]. However, certain ex-
ceptional cases have been identified. For instance, as demon-
strated in ref. [132], the topological number for the Einstein-
Gauss-Bonnet theory is contingent on the specific statistical
mechanics being considered. In the context of the Sharma-
Mittal entropy, the topological number is W = 0 for @ < S,
while W = 1 for @« > B. This indicates that the topologi-
cal number may exhibit variability across different statistical
mechanics approaches.
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4.8 Multiple defect curves

For a given black hole solution, the defect curve forms a con-
tinuous function with respect to T when the other black hole
parameters are held constant. Notably, the parameter 7 exerts
no influence on the topological number. The emergence of
multiple distinct defect curves can present an intriguing sce-
nario, as explored in the context of dyonic black holes, where
both electric and magnetic charges are considered [133].

These black holes manifest a triple point and separated co-
existence curve [134]. To delineate the existence of multi-
ple defect curves, the corresponding parameter space is ex-
amined. Choosing the coupling parameters @; = 0.41 and
ay = 50, three illustrative instances with Pr(z) values of 0.05,
0.0003, and 0.00004 are investigated [135]. In the initial
case, a single defect curve is observed, yielding a topological
number of W = 1. As the pressure decreases, exemplified
by Pr(z) = 0.0003, a new defect curve emerges near the small
black hole horizon. For each fixed 7/rg, up to three zero
points are identified for the constructed vector. Notably, the
novel additions exhibit opposing winding numbers, yet the
topological number remains constant. Subsequently, with a
further reduction in pressure, specifically in the third scenario
with Pré = 0.00004, five zero points are discerned for certain
7/rp values. Despite this increase, the topological number
still retains its value at W = 1.

Consequently, it is evident that the topological number re-
mains unaffected by the presence of multiple defect curves.

4.9 71 dependent: an exception

Previous studies have consistently shown that the topologi-
cal number remains constant with respect to T when the other
parameters of a black hole are fixed. Yet, an intriguing de-
parture from this norm is highlighted in a recent study [136],
featuring static multi-charge AdS black holes within gauged
supergravity. In this scenario, if two electric charge param-
eters hold non-zero values, the thermodynamic topological
number will exhibit a notable temperature-dependent charac-
teristic. For example, as 7 increases, the topological number
may undergo a transition from 1 to 0. This phenomenon pri-
marily stems from the temperature converging towards a fi-
nite value as the black hole’s event horizon contracts to zero,
a distinctive attribute unique to these black holes.

This topological analysis spans various black hole solu-
tions, encompassing a diverse range of systems and scenar-
i0s. Given the unique attributes of each system, a detailed
examination of individual cases will not be provided here.
For in-depth information on specific systems, we direct read-
ers to the corresponding references [137-199].

Sci. China-Phys. Mech. Astron.

June (2026) Vol. 69 No. 6 260401-14

5 Universal topological classifications

As demonstrated earlier, the black hole parameters and the
variable 7 play a significant role in determining the num-
ber and local winding characteristics of zero points within
the constructed vector when considering black hole solutions
as defects. However, with only a few exceptions, they do
not impact the global topological number. This observation
implies the potential development of a theory encompassing
universal topological classifications. Such a theory could cat-
egorize diverse black holes into finite classes, enabling the
examination of universal properties within these classifica-
tions.

5.1 Topological classifications

To determine the global topological number, a contour en-
compassing the entire parameter space defined by ® and r,
must be constructed. The parameter ® is constrained within
the range of (0, 7t), while the horizon radius r, falls within
the interval (r,,, ©0), where r,, represents the minimum value
of r,. For instance, in the case of the Schwarzschild black
hole, r,, = 0, whereas for the RN black hole, r,, = M = Q,
corresponding to the extremal black hole.

At r = r, and as r tends to infinity, we assume that the
inverse of the temperature exhibits the following asymptotic
behaviors:

case I:  B(ry,) =0, B(c0) = o0, (80)
case II: B(r,;) = o0, B(c0) = oo, 81)
case III:  B(r,) = oo, B(c0) =0, (82)
case IV: B(r,) =0, B(c0) =0. (83)

The contour encompassing all possible parameter regions is
typically defined as C = [} U I, U I3 U Iy, where I, =
{rn = 00, ® € (0,}, L, = {ry = (o0, 1), O = 7},
I ={r, =ryu ©¢€ (@m0}, and Iy = {r, = (r,, ), ® = 0}.
To calculate the topological number for the contour C, it is
necessary to analyze the behavior of ¢ along these segments.
The results are summarized in Table 2 [200].

Evidently, the topological number W takes values of O
and +1, suggesting three distinct topological classifications.

Table 2  The directions indicated by the arrows of ¢ are shown for the
four segments. The corresponding topological number for each case is also
listed in the last column [200]

Case I I I; n w
I — T - l -1
11 — T — 1 0
1111 — T — 1 +1
v — T — 1 0
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However, as proposed in ref. [200], although cases II and
IV share the same topological number, they exhibit contrast-
ing thermodynamic behaviors. Notably, the RN black hole
and the Schwarzschild-AdS black hole serve as quintessen-
tial examples of cases II and IV, respectively. The RN
black hole features a maximum temperature, whereas the
Schwarzschild-AdS black hole showcases a minimum tem-
perature. Furthermore, the RN black hole includes an ex-
tremal configuration with the horizon at its minimum radius,
while the horizon radius of the Schwarzschild-AdS black
hole can diminish to zero. Despite both having two zero
points in the parameter space vector, the sequence of their oc-
currence differs. Given these disparate thermodynamic char-
acteristics, cases II and IV should be categorized into dis-
tinct classes. Consequently, four topological classifications
for black hole thermodynamics are introduced as

wi=, wo o wo, wit, (84)

corresponding to topological numbers —1, 0, 0, 1, respec-
tively. The indices 0+ and 0— signify that the first zero point
of the vector possesses a positive or negative winding num-
ber.

The RN and Schwarzschild-AdS black holes serve as
straightforward examples. However, in the case of certain
other black hole solutions, the constructed vector may ex-
hibit more than two zero points. Consequently, as the hori-
zon radius increases, a sequence of zero points with vary-
ing winding numbers emerges. Typically, positive and nega-
tive winding numbers manifest alternately in accordance with
the topological construction. For the four classes outlined in
eq. (84), as the horizon radius increases, the systematic ar-
rangement of the winding numbers corresponding to these
zero points follows the patterns of [—, (+, -), ..., (+, 9], [+,
(= +)y eers =L, [ (+, 0, ..., +], and [+, (-, +), ..., (=, )],
respectively. To differentiate these cases, one can utilize the
signs of the innermost and outermost winding numbers:

W™ =[-,-1, W' =[+-],
WO =[—,4], WY =[++]. (85)

Consequently, a notation is proposed for the topological clas-
sifications, enabling the categorization of each black hole so-
lution into these classes.

5.2 Universal thermodynamical behaviours

Once these systems have been classified, delving into their
universal thermodynamic behaviors becomes essential. Four
important limits necessitate examination. Two of these lim-
its pertain to the innermost and outermost states, represent-
ing the scenarios of small and large black holes, respectively.
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The remaining two limits correspond to low and high tem-
perature regimes.

In the classifications of W!=, W W% and W'*, the in-
nermost black hole states are delineated as unstable, stable,
unstable, and stable, while the outermost black hole states
are characterized as unstable, unstable, stable, and stable, re-
spectively.

In the low-temperature limit as 8 — oo, the W= class
presents a large black hole that demonstrates thermodynamic
instability due to its topological number. In contrast, the W'*
class features a single stable small black hole state. Within
the WO* class, an unstable large black hole state coexists with
a stable small black hole state. Notably, the W9 class does
not exhibit any black hole state at the low temperature limit.

As the high-temperature limit approaches with 8 — 0,
the WO class is distinctive for the absence of any black
hole state, while the WO~ class demonstrates both an unsta-
ble small black hole state and a stable large black hole state.
In the W'~ class, one encounters an unstable small black hole
state, whereas the W!* class is characterized by a stable large
black hole state.

In conclusion, the universal thermodynamic behaviors
have been investigated based on the topological classifica-
tions. For clarity, the summarized results can also be refer-
enced in Table II of the study given in ref. [200].

Furthermore, the universal classifications for various black
hole solutions have been explored in other works [201-204].
Note that an intriguing example is the observation of a topo-
logical phase transition between the W% and W'* classes
[205]. In addition, certain other black hole systems with
richer phase structures, such as those exhibiting superfluid
phase transitions [24] and multi-critical points [206], deserve
further exploration.

6 Discussion and conclusion

In this work, we briefly reviewed the development of thermo-
dynamic topologies concerning critical points, Davies points,
the Hawking-Page phase transition, and black hole solutions.
By constructing vectors wherein the zero points signify de-
fects within the thermodynamic parameter space, including
critical and Davies points, we ascertained the winding num-
ber and topological number. Consequently, a comprehensive
thermodynamic topology, complete with specific notation,
was delineated.

The treatment of black hole solutions as topological de-
fects has garnered significant attention. This interest is partly
due to the fact that critical points, Davies points, and the
Hawking-Page phase transition only manifest in select black
hole solutions. Consequently, viewing black hole solutions
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as defects holds universal interest, in which local thermo-
dynamic stability is considered a topological property. The
presence of a positive or negative winding number signifies
the stability or instability of a black hole. Moreover, an in-
triguing aspect emerges as topological classifications were
formulated, categorizing different black hole solutions ac-
cordingly. Notably, the universal thermodynamic properties
were explored concerning small and large black holes, as
well as the low and high temperature limits.

The utilization of topological methods has emerged as a
robust testing ground within black hole physics. Through
the topological approach, phenomena such as the photon
sphere/light ring, the deflection of light, time-like circular or-
bits, and the Hawking temperature can be effectively exam-
ined [31,33,207-210]. Exploring the interplay of topologies
in both gravity and thermodynamics represents a significant
pursuit. This exploration presents a unique opportunity to
unveil the nature of black holes and spacetime from a ther-
modynamic perspective.
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